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Super-Quasi-Orthogonal Space—Time Trellis Codes
for Four Transmit Antennas

Hamid Jafarkhani and Navid Hassanpour

Abstract—We introduce a new family of space—time trellis codes
that extends the powerful characteristics of super-orthogonal
space-time trellis codes to four transmit antennas. We consider
a family of quasi-orthogonal space—time block codes as building
blocks in our new trellis codes. These codes combine set par-
titioning and a super set of quasi-orthogonal space-time block
codes in a systematic way to provide full diversity and improved
coding gain. The result is a powerful code that provides full rate,
full diversity, and high coding gain. It is also possible to maintain a
tradeoff between coding gain and rate. Simulation results demon-
strate the good performance of our new super-quasi-orthogonal
space—time trellis codes.

Index Terms—Quasi-orthogonal designs, set partitioning,
space-time codes, super-orthogonal codes, transmitter diversity,
trellis codes.

1. INTRODUCTION

PACE-TIME trellis codes have been introduced in [1] to
S provide improved error performance for wireless systems
using multiple transmit antennas. The authors have shown
that such codes can provide full diversity gain, as well as
additional signal-to-noise ratio (SNR) advantage that they call
the coding gain. Code design rules for achieving full diversity
for two transmit antennas are also provided. Using these design
rules, examples of codes, for two transmit antennas, with full
diversity, as well as some coding gain were constructed that are
not necessarily optimal.

In [2], Alamouti introduced a simple code to provide full di-
versity for two transmit antennas. In [3], the scheme is general-
ized to an arbitrary number of antennas and is named space—time
block coding. Also, the theory of orthogonal designs has been
generalized in [3] to show when it is possible to achieve full
diversity. Although a space—time block code provides full di-
versity and a very simple decoding scheme, despite the name,
its main goal is not to provide additional coding gain [3], [4].
This is in contrast to space—time trellis codes that provide full
diversity, as well as coding gain but at a cost of higher decoding
complexity.

A new class of space—time codes called super-orthogonal
space—time trellis codes (SOSTTCs) was introduced in [5]. A
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similar independent work was done in [6]. These codes com-
bine set partitioning and a super set of orthogonal space—time
block codes in a systematic way to provide full diversity and
improved coding gain over earlier space—time trellis code
constructions. The super-orthogonal set is derived by a constel-
lation rotation. While providing full-diversity and full-rate, the
structure of the new codes allows an increase in the coding gain.
One shortcoming of the orthogonal space-time block codes
is the fact that full-rate codes do not exist for more than two
transmit antennas [3]. To combat this problem, quasi-orthog-
onal space—time block codes (QOSTBCs) have been proposed
in the literature [7], [8] that provide full rate. One can rotate
some of the signals in a quasi-orthogonal space—time block
code to derive a code that provides full-diversity and full-rate.
Independent examples of such a rotation are given in [9]-[11].
The result is powerful codes with simple pairwise decoding
strategies. Some related work in the literature can be found in
[12]-[14]. In this paper, first, we study the conditions for which
arotated QOSTBC provides full diversity, and then we combine
the constellation rotations of SOSTTCs with that of QOSTBCs
to systematically design a new class of space—time codes that
provide full-rate, full-diversity, and very high coding gains for
four transmit antennas. We call codes derived from this new
structure super-quasi-orthogonal space—time trellis codes. We
also provide a class of non-full-rate codes to tradeoff rate with
coding gain. Not only do we show how to design a space—time
trellis code for a given rate and number of states, but also our
general set partitioning results provide the maximum coding
gain for the proposed structure.

In Section II, first we provide a parameterized class of quasi-
orthogonal space—time block codes and study the conditions to
provide full diversity. Then, we study the set partitioning using
phase shift keyed (PSK) constellation symbols in Section III.
We provide coding gain analysis in Section IV. Using the new
parameterized class of space—time block codes and our set parti-
tioning, we show how to design optimal super-quasi-orthogonal
space—time trellis codes for four transmit antennas in Section V.
Non-full-rate codes that provide a tradeoff between rate and
coding gain are designed in Section VI. We present simulation
results in Section VII and provide some concluding remarks in
Section VIII.

II. FULL-DIVERSITY QUASI-ORTHOGONAL
SPACE-TIME BLOCK CODES

Consider a space—time code using the transmission matrix G.
Let us denote the difference of the transmission matrices for
codewords ¢; and co by D(c1,c2) and its Hermetian, complex
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conjugate and transpose by D¥ (¢, ¢o). Following the defini-
tions in [1], the diversity of such a code is defined by the min-
imum rank of the matrix D(c;, ¢2). For the case of N transmit
antennas and one receive antenna, the maximum diversity is V.
When D(cy, c2) is full-rank for every pair of codewords, the
code is a full-diversity code and the minimum of the determi-
nant of the matrix A(ci,co) = D (cq,c0)D(c,ca) over all
possible pairs of distinct codewords ¢; and cg corresponds to
the coding gain. We define the coding gain distance (CGD) be-
tween codewords c; and ¢y as CGD(cy,c2) = d?(cy,c2) =
det(A(cy, c2)), where det(A) is the determinant of matrix A.
In general, if we have a code with diversity less than [V, the
distance can be defined as the harmonic mean of the nonzero
eigenvalues of A(cy, c2).

Full-rate orthogonal designs with complex elements in its
transmission matrix are impossible for more than two transmit
antennas [3]. The only example of a full-rate full-diversity
complex space-time block code using orthogonal designs is
the Alamouti scheme [2], which is defined by the following
transmission matrix:

_ T i)
Gro = (_x; ﬂ). (1)

Here, we use the subscript 12 to represent the indeterminate
variables z1 and x5 in the transmission matrix. Now, let us con-
sider the following QOSTBC [7]:

x1 Z2 Z3 T4

G— < Gi2 g34> _ | —rz —xy T3 )
* * * ok * *
=031 91y —T3 —Ty Ty Tg

Ty —I3 —T2 I

where a matrix G* is the complex conjugate of G. It has been
shown in [7] that this is a full-rate code and symbols can be
decoded in pairs. There are other examples in [7] with the same
properties. Also, a similar quasi-orthogonal code is proposed in

(8]
G12 34
= . 3

(934 G12 )
It is easy to see that the minimum rank of the difference matrix
D(cy, o) is 2. Therefore, for M receive antennas, a diversity
of 2M is achieved, while the rate of the code is one. Note that
it has been proved in [3] that the maximum diversity of 4 M
for a rate one complex orthogonal code is impossible in this
case if all signals are chosen from the same constellation. The
maximum-likelihood decision metric can be calculated as the

sum of two terms such that one can decode pairs of symbols
independently [7]. For z3 and x4 from the original constella-
tion, let us denote =3 and z4 as the rotated symbols (with re-
spect to x3 and z4). One can show that it is possible to provide
full-diversity QOSTBCs by replacing (3, 24) with (&3, Z4). In-
dependent examples of such full-diversity QOSTBCs are pro-
vided in [9]-[11]. The resulting code is very powerful since it
provides full diversity, full rate, and simple (pairwise) decoding
with good performance.

In what follows, first, we derive the general conditions to
achieve full diversity for this code.

Lemma 2.1: Consider two possible codewords c; =
(w1, 22,73,74) and c2 = (y1,y2,¥s3,Y4). Then

2
CGD(cy, ¢2) <Z| — )+ (Togi — Z72+i)|2)

for the QOSTBC in (3). The same formula holds for the code in
(2) if we arrange the codewords as ¢; = (1, 22, —%4,Z3) and
Co = (yh Y25 —Ya, g3)

Proof: For the code in (3), the proof is given in [10]. For
the code in (2), we have (5) at the bottom of the page. Then, one
can show

det(G7G) = (|e1+za+|ws —23]?) (|21 — 2o [+ [m2+23]?)
(6)

Now, replacing 1 with 21 —y1, 2 With o —ys, 3 with — (24—

74), and Z4 with &3 — g3 results in (4). O

Note that since (4) unifies the coding gain formula for both of
the codes in (2) and (3), the two codes would have similar prop-
erties. In what follows, with a slight abuse of the notation, we
use ¢ = (x1, %2, T3, T4) along with (4) for both codes. However,
one should keep in mind that for the code in (2), the codeword
is in fact ¢ = (x1, w9, —I4, T3). This one-to-one replacement is
the only difference between the two codes as far as our results
and new codes are concerned.

Lemma 2.2: The quasi-orthogonal code provides full diver-
sity if and only if the rotated constellation is such that z; —y; =
Toyi — Y2+i, ¢ = 1, 2 is impossible for distinct codewords.

Proof: Full diversity is achieved if and only if the CGD
in (4) is not zero. If the CGD becomes zero, then at least
one of the two factors in (4) should be zero. To find the
minimum CGD, we consider all possible values of x;, v;,
Toyq, and §a44, 2 = 1, 2. If there is a set of values such that

2
(Fa4i — §2+z’)|2) )

4

3 |2 0 0 2Re(zfwy — zoa})

i=1

4
0 S |z |? 2Re(zo} — 25 14) 0
gHg — i=1 4 (5)
0 2Re(ro2y — x5x4) S |wil? 0
i=1
4
2Re(zixs — x22%) 0 0 3 |zil?
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Yoy (@i — i) + (241 — G244)> = 0, by switching &5
with g4, we have o7, |(; — i) — (F24s — o) = 0
as well. Therefore, without loss of generality, we only need to
consider the case that the second factor becomes zero. All terms
of the sum are nonnegative. Therefore, the sum is zero only
when all of its terms are zero and vice versa. If none of the two
pairs of signals results in z; — y; = Ta4; — Y24i, We conclude
that the second, and consequently, the first factor is not equal
to zero. Also, if the first and the second factors are not zero,
T — Yi # Toti — Yays for any two distinct pairs of signals. [

We consider the validity of this inequality in the special case
of L-PSK constellations and demonstrate the necessary condi-
tions to obtain full diversity in this case. We consider L-PSK
constellations, where the signals can be represented as 727/ L
l=0,1,...,L — 1. We study the case of even and odd values
of L separately. First, we consider the case of even L.

Theorem 2.1: If we pick x;, ¢ = 1, 2 signals from an L-PSK
constellation with even L and 24, signals from the rotated con-
stellation, the resulting QOSTBC provides full diversity.

Proof: First, we show that if z; belongs to an L-PSK con-
stellation point and L is even, —z; is also a point of the constel-
lation. For L-PSK constellation points, we have z; = 727!/
for some value of [ = 0,1,...,L — 1. Calculating —z; =
eimg; = I2m(HL/2)/L — ci2nl'/L ghows that —z; belongs to
the same L-PSK constellation.

To prove the theorem, using Lemma 2.2, we need to show
that it is impossible for any values of S;, S; from the original
constellation and T}, T; from the rotated constellation to have
S; +8; =T, +T; # 0. We know that S; + S; # 0 is a vector
which is placed on the bisector of S; and S;. Suppose that T},
and 1 from the rotated constellation can have a sum 1}, + 1
equal to S; + S;. Then, we assume

L(8i, i+ 85) = L(S5, 5 + 9j) =

L(Te, T +Th) = L(Th, Ti + T;) = . @)

Therefore, |T% + ;> = |S; + Sj|2 results in |1%|% +
IT)|? + 2Ty - Ty = |S:)* + |S;|> + 25; - S;, or equivalently,
|Ty||Ty| cos 26 = |S;]|S;| cos2a. This results in one of the
following two equalities

2a =20 or
20 =21 — 2[3.

®)
©))

Neither of these equations can be true because o = 3 results in

S; = Ty and S; = Ty, thatis impossible and aw = m— 3 results in

another set of impossible equations S; = —T} and S; = 1.
O

For odd L, we prove the following theorem.

Theorem 2.2: For an L-PSK constellation, I odd, if the ro-
tation ¢ = 7 /L, the code is not full diversity. Otherwise, the
code provides full diversity.

Proof: For L-PSK constellation points, we have
z; = eI2™/L for some value of | = 0,1,...,L — 1. Then,
—x; = e™x; = e927(+L/2)/L Since [, is odd, there is an m
such that I = 2m + 1. which results in —z; = e/27!'/Leim/L,
Therefore, if x; belongs to an L-PSK constellation with odd L,
then —z; is in the constellation resulting from the rotation of
the initial L-PSK constellation by ¢ = = /L. In other words,

every point of the initial L-PSK constellation is an edge of a
diameter of the circle that passes through all L-PSK points and
if it is replaced by the other edge of the diameter, the result is
another L-PSK constellation rotated by ¢ = 7 /L.

Using the above result, for any pair S; and S;, one can write
Si —8; = Tp — T, where T, = —S; and T} = —5; are
from the rotated constellation. Therefore, for every difference
between two signals of the original L-PSK constellation, there
is an equal difference term between two signals from the rotated
constellation. If these four signals are part of the two codewords,
the resulting coding gain is zero which shows the code does
not provide full diversity. For other rotations, the proof of full
diversity is similar to that of Theorem 2.1. O

Theorems 2.1 and 2.2 show that the proposed rotated
QOSTBC provides full diversity and full rate unless we use
an L-PSK constellation with odd L and a rotation ¢ = 7 /L.
In [10], the authors provide a list of rotations that achieve
the maximum coding gains for different examples of popular
constellations.

III. SET PARTITIONING

To design a super quasi-orthogonal space—time trellis code,
we follow the general method in [5]. First, we need to do set
partitioning. The number of signals to be partitioned varies with
the fourth power of the constellation cardinality, e.g., 8% = 4096
for 8-PSK. We provide a complete study of set partitioning for
binary phase-shift keying (BPSK) and quadrature phase-shift
keying (QPSK) for four transmit antennas and present a gen-
eral algorithm for obtaining the set partitioning of an arbitrary
L-PSK from the set partitioning of an L /2-PSK (L is even). Our
set partitioning is similar to the schemes proposed for multiple
trellis coded modulation (MTCM) in [15] although the case of
four components is not considered there.

In this section, we assume that x1, x2, T3, and x4 are symbols
from an L-PSK constellation (even L) and =3 and x4 are rotated
by 7/ L to derive &3 and Z 4. The resulting quasi-orthogonal code
is full diversity due to Theorem 2.1. Note that rotating (21, z2)
instead of (z3, ¢4) results in similar properties and Theorem 2.1
is still valid. The index assignment for an L-PSK constellation
is such that an index [ represents a symbol e/27//L We pro-
vide the indices for x1, z2, x3, and x4 in all tables and figures.
The resulting symbols &3 and z, are derived by applying the
corresponding rotations. Fig. 1 shows an example of set parti-
tioning for BPSK. In Fig. 1, the rotation is 7 /2 and 0, 1 repre-
sent 1, —1, respectively. Note that 7 /2 is the optimum rotation in
that it provides the maximum coding gain for a quasi-orthogonal
space—time block code using BPSK. Also, clearly 0, 1, respec-
tively, represent j, —j after applying the rotation for the third
or fourth symbols. Table I presents a similar set partitioning for
QPSK. Similarly, we have picked a rotation of 7/4 for QPSK
since it is the optimum rotation, i.e., it provides the maximum
coding gain for a quasi-orthogonal space—time block code. The
resulting constellation is very similar to a 7w /4-QPSK constella-
tion [16].

One can find the best set partitioning for a given constellation
by an exhaustive search. The minimum CGD at each layer of
such an optimal set partitioning is maximum among those of
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Sooo Soo1 So10 So11 S100 Sio1 Si10 Sin
0000,1111 0011,1100 0101,1010 0110,1001 0001,1110 0010,1101 0100,1011 0111,1000
Fig. 1. Set partitioning for BPSK.
TABLE 1
SET PARTITIONING FOR QPSK
So S
Soo So1 S10 S11
Sooo So01 So10 So11 S100 S101 S110 S111
Spooo | Sooor | Sooio | Sooii So100 | Soio1 | Soi1o | Soi11 S1000 | Si001 | Si010 | Si011 S1100 | Si1101 | S1110 | S1111
0000 0020 1100 1120 0101 0121 1001 1021 0001 0021 1101 1121 0100 0120 1000 1020
2222 2202 3322 3302 2323 2303 3223 3203 2223 2203 3323 3303 2322 2302 3222 3202
2200 0002 3300 1102 2301 0103 3201 1003 2201 0003 3301 1103 2300 0102 3200 1002
0022 2220 1122 3320 0123 2321 1023 3221 0023 2221 1123 3321 0122 2320 1022 3220
sfeok ik Sheokedeok sk stk she sk ke sesdesk ol sfeofestede e sfeshe ke sk esdeskok kel ke shosleskoke sfesfe ot ok siesiesteok skl sdesde el sesfesdeok
2020 0200 3120 1300 0321 2101 3021 1201 2021 0201 3121 1301 0320 2100 3020 1200
0202 2022 1302 3122 2103 0323 1203 3023 0203 2023 1303 3123 2102 0322 1202 3022
2002 2000 3102 3100 0303 0301 3003 3001 2003 2001 3103 3101 0302 0300 3002 3000
0220 0222 1320 1322 2121 2123 1221 1223 0221 0223 1321 1323 2120 2122 1220 1222
sfeok ik Sheodeodeok sk skesk ke sk sk ke sesdesk ol sfesfesteole e sfesteole sdeokedke ko sesdeskeok kel e shsle skl shesde ot ok siesfesleok skl el el sesfesdeok
1t 1131 0011 0031 1010 1012 0110 0112 1110 1130 0010 0030 1011 1013 0111 0113
3333 3313 2233 2213 3232 3230 2332 2330 3332 3312 2232 2212 3233 3231 2333 2331
3311 1113 2211 0013 3210 1030 2310 0130 3310 1112 2210 0012 3211 1031 2311 0131
1133 3331 0033 2231 1032 3212 0132 2312 1132 3330 0032 2230 1033 3213 0133 2313
sk ook ok e ot sk ook sk ek et oo ek stk s ook .
3131 1311 2031 0211 3012 1210 0312 2110 3130 1310 2030 0210 3013 1211 0313 2111
1313 3133 0213 2033 1230 3032 2130 0332 1312 3132 0212 2032 1231 3033 2131 0333
3113 3111 2013 2011 3030 3010 0330 0310 3112 3110 2012 2010 3031 3011 0331 0311
1331 1333 0231 0233 1212 1232 2112 2132 1330 1332 0230 0232 1213 1233 2113 2133

all possible set partitioning trees. Such an exhaustive search
may be time consuming for large constellations. However,
since it is done once and only to design the codes, the high
complexity may be acceptable. In this paper, we present an
inductive algorithm for the set partitioning of L-PSK using the
set partitioning of L/2-PSK when L is even and the rotation
is ¢ = w/L. Our algorithm reduces the complexity of the
exhaustive search dramatically. The number of quadruplets for
L-PSK is 16 times that of L/2-PSK. Therefore, when we go
from L/2-PSK to L-PSK, the same level of the tree from the
top includes 16 times more members and the tree includes more
layers of subsets. The way we handle this 16-fold increase
in the number of elements in each set is as follows. Note
that the index [ = 2!’ in the L-PSK and the index [’ in the
L/2-PSK represent the same symbol. To increase the number
of elements in a set by a factor of 16, we add all 24 =16
combinations of 0 and L/2 to the elements of the original
set in a quadruplet, as in Fig. 2. It gives us eight new subsets
for L-PSK under each subset of L/2-PSK. The three binary
indices after letter 7" in Fig. 2 are added to the index of the

subset in the L/2-PSK set partitioning. Then, one may need to
move some of the new subsets to maximize CGD at each level
of set partitioning. For example, we consider the derivation of
the set partitioning for QPSK from that of BPSK. In this case,
L =4 and a set partitioning for QPSK is derived by adding
the new subsets using Fig. 2. To maximize CGD, we need to
switch subsets Soggo1 and Spp 10 (derived from Fig. 2), as
we have done in Table I. Similarly, we have switched Syg 101
with Sgg 110, So1 001 With So1 010, and So1 101 With Sp1 110 to
increase the CGD. Corresponding subsets rooted in set S; have
been switched to achieve the set partitioning in Table I. Fig. 3
demonstrates the details of one example of such a switching.
Using the splitting in Fig. 2 for Sy results in the partitioning
in Fig. 3(a). As can be seen from this figure, the minimum
CGD for subsets 50000, 50001, 5’0010, and 50011 is 256. By
SWitChil’lg S00 001 and Sgg 10 (also Sog 101 With Sgg 110), as in
Flg 3(b), the minimum CGD for subsets Sopo0, So001, S0010,
and Spg11 is 1024 which is higher than 256.

We study the details of CGD analysis for different subsets in
the next section.
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TO[)() T()Ol TOJO T()l 1
0000 £Loo LoZo Lo0%
LLLL LL LoL LL
5333 0053 0303 0530

Fig. 2. New subsets created by all combinations of 0 and L/2.
minimum
CGD

256

256

1024

SU(JOO[) SUUU(] 1 SUUUI 0

minimum
CGD

256

256

1024 Sl)(llJlJl)

S(lﬂ()(ll

*S(I(Jl)L(l

Fig. 3.
IV. CGD ANALYSIS

In this section, we study how to calculate the CGD of each
subset in our set partitioning. To calculate the CGD of different
subsets one needs to calculate the CGD between each possible
codeword pair in the set and find the minimum CGD. There
are two approaches to calculate the CGD between a pair of
codewords. The first approach is to calculate the CGD by com-
puter simulation. The second approach is to calculate it analyt-
ically using closed-form formulas. In this section, we consider
the second approach since the first approach is straightforward.
Let us consider the following pair of four L-PSK signals as
codewords:

21 — el Ty = el®2 eI%3 — gl

rs = Ta

U1 :ejgn Yo = ej%z ys = ej<7>3 ya = ejJ)4. (10)

S(]U(Jll

(a)

S(ll](ll 1
(b)

Tl()(] T]Ol TllO Tl]l
0050 000% 0£00 £000
LLyL LLL LnLL LLL
2203 2320 2032 0222

-
S 00

SO[)l()U S(]Ol[)l SUUllU

~
SlJl)l()(J S(J(Jl 10 Sl)i)l(]l b()()ll]

Subtree of set partitioning for four transmit antennas (QPSK). (a) Based on Fig. 2 . (b) After switching some of the subsets to achieve higher CGD.

We also define A; = é, — ¢; and x3 and x4 are multiplied by
a phase shift e/?, ¢ = m/L to generate 3 and 7. In other
words, &3 = e/%eI%3, 7y = I%eI%, 3 = 7%eI%3, and
4 = e’?ei®4 Therefore, we can write the difference matrix
D(cq, ¢2) in terms of these new parameters, as shown in (11) at
the bottom of the next page. As it is evident from (5) and the
corresponding formula for the code in (3), the CGD, which is
det(DH (c1,c2)D(c1,ca)) only depends on Ay, Ay, Az, Ay,
¢3 — ¢1, pa — P2 (OF P4 — @1, 3 — P2 instead of ¢z — ¢1,
¢4 — ¢2), and not the ¢;’s themselves.

One of the important factors in calculating the CGD is the
number of zeros that we have in the error matrix D(cy, ¢o). The
number of zeros in the matrix is directly related to the number
of symbols that are the same in c; and cy. Since we have a
quadruplet to work with, in general, there are four cases.

Case 1) Two codewords c; and ¢y differ in only one symbol
for example quadruplets 0000 and 1000.
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Case 2) Two codewords c; and cs differ in two symbols.
This case is divided into two categories.

a) When the different symbols belong to constel-
lations with different rotations, for example,
quadruplets 0000 and 1001.

b) When the different symbols belong to constel-
lations with the same rotations, for example,
quadruplets 0000 and 1100.

Two codewords c; and c» differ in three symbols.
As we will show later, the CGD is never dominated
by this case. As an example, quadruplets 0000 and
0111 differ in three symbols.

Two codewords c; and ¢, differ in four symbols for
example quadruplets 0000 and 1111.

The CGD of different subsets is dominated by different cases.
To see how different cases dominate the calculation of the CGD,
we consider different layers of set partitioning in Fig. 1. The
CGD of subset S in Fig. 1 is dominated by Case 1). The CGD
of subset .S is dominated by Case 2a). The CGD of subset Sy
is dominated by Case 2b). The CGD of subset Sqoq is dominated
by Case 4). Note that the structure of our set partitioning is such
that the CGD is never dominated by Case 3).

In what follows, we calculate the CGD of different cases sep-
arately. We consider an L-PSK constellation and ¢ = 7/ L ro-
tation for the third and fourth symbols. Note that similar results
are valid if we rotate the first and second symbols instead of the
third and fourth symbols.

Case 3)

Case 4)

A. Only One Difference

If there is only one difference between the symbols of ¢; and
co2, then assuming a phase difference of A between the different
symbols, the CGD can be calculated using (11) as follows:

CGD = |1 — /2|3, (12)

Using (12) for QPSK, if A = /2, for example quadruplets
1000 and 1001, then CGD = 16. On the other hand, A = =, for
example, quadruplets 3001 and 1001, results in CGD = 256.
Note that the third and fourth symbols are rotated by ¢ = 7 /4
for QPSK.

B. Two Differences

Two codewords ¢; and co can differ in two positions in dif-
ferent ways. In our set partitioning, the magnitude of the phase
difference between the two pairs of the symbols that differ is the
same, for example, A = |Aq| = |As| = 7/2 for quadruplets
1001 and 0101. As discussed earlier, we have two categories
that need to be considered separately.

The first category is when the different symbols belong to
constellations with different rotations, for example, quadruplets

1001 and 2011. The CGD depends on the phase difference A
and the difference between the phase of the two symbols. For
example, if the different symbols are x; and z3, the CGD is

CGD = |1 — &I 281 — 27/ Etea—dn)d  (13)
If instead of z; and x3, the different symbols are xo and x4,
then (13) is still valid after replacing ¢3 — ¢1 with ¢4 — ¢2. For
QPSK, if A = 7/2, for example, quadruplets 2011 and 1001,
then CGD = 64. On the other hand, A = m, for example,
quadruplets 3021 and 1001, results in CGD = 1024. Note that
¢3 — ¢1 (or ¢4 — ¢h2) is a multiple of 27/ L and there are only
a few cases that we need to consider for finding the minimum
CGD, for example, two cases for BPSK.

The second category is any other pair with two differences.
In this case, the two symbols are from constellations with the
same rotations, for example, quadruplets 1001 and 0101. The
CGD depends on the phase difference A and can be simplified
as follows:

CGD = 16]1 — 723 (14)
For QPSK, if A = =/2, for example quadruplets 0101 and
1001, then CGD = 256. On the other hand, A = m, for ex-
ample, quadruplets 3201 and 1001, results in CGD = 4096.

C. Three Differences

In this section, we show that we do not need to calculate the
CGD in this case (when only one of the symbols is identical
between the two quadruplets) in order to calculate the CGD of
our set partitioning. The final format of the CGD formula is
very similar for different possibilities in this case. Therefore,
we only consider the case that the fourth symbols are identical.
The resulting CGD is calculated by

2 9) 2
+-1 .15

€23 (7/L+¢3—¢1)
2

CGD = 4[1 — 723 (‘1— 1
Since 4 (|1 — (¢29(x/L+43=¢1) /9)|2 1. 9/4)® > 1, the CGD in
(15) is always greater than the one in (12). The structure of our
set partitioning is such that the first time that the case of three
differences appears it always coincides with the case of only one
difference. Therefore, the CGD in (15) is always dominated by
the smaller value of (12) and there is no need to calculate it in
order to find the minimum CGD.

D. Four Differences

Again, due to the structure of our set partitioning, the magni-
tude of the phase difference between corresponding symbols of

ej¢1(1 _ ejAl)
_6*]'4)2(1 _ e*jA2)
ej¢3ej¢(1 _ ejAa)
—e_jd’“e_jd’(l — e—jA4)

6jd>2(1 _ ejAz)
Q*MH(I _ e*jAl)
ej¢4ej¢(1 _ ejA4)
e—j¢ae—j¢(1 _ e—jAa)

ej¢36j¢>(1 _ ejA:«;)
—67M’467M’(1 _ e*jA4)
ejff’l(l _ ejAl)
_e—jff’z(l _ e—jA2>

ej¢4ejd’(1 _ ejA4)
¢i%1—ib(] — ¢~iBa)
ej¢2(1 _ ejAz)
e=i%1 (1 — ¢=iA1)

(11
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Sl S(]

(b)

Fig. 4. Two-state codes. (a) » = 1 bit/s/Hz using BPSK. (b) » = 2 bits/s/Hz using QPSK.

the quadruplet is the same. The CGD in this case is calculated
as follows:

02304 4 o3 (85=04) 4 i(ohteh) _ 1|

2

1

CGD:4|1—(3JA|8

2
’ . ’ ! - /7 ! 2
€20y 4 ei(da—¢3) 4 @i(d5+d4) _

2

+]1-

(16)

where ¢4 = w/L + ¢3 — ¢1 and ¢y, = 7/L + ¢a — ¢p3. For
QPSK, if A = 7/2, for example quadruplets 2112 and 1001,
then CGD = 1024. On the other hand, A = 7, for example,
quadruplets 3223 and 1001, results in CGD = 16 384.

In this section, we showed how to calculate the CGD in dif-
ferent cases. The derived formulas and the corresponding min-
imum CGDs match with the direct calculation of CGDs, using
the original definition, and a full search to find the minimum
CGD. The results are used in the following section to design
space—time trellis codes and calculate the coding gain of the de-
signed codes.

V. DESIGNING FULL-RATE, FULL-RIVERSITY CODES

In this section, we design trellis codes for four transmit an-
tennas and obtain the coding gain for these codes. Using the
quasi-orthogonal space—time block codes that we have studied
so far as building blocks to design trellis codes would result in
rates lower than full rates. To design trellis codes without sacri-
ficing the rate, one should add new elements in the code design
as follows. So far, we have assumed that the constellation points
73 and 74 belong to a rotated L-PSK constellation. Obviously,
due to the symmetry, similar results are valid if we rotate x;
and z, instead of x3 and z4. This will give us a new degree
of freedom and additional constellation matrices to pick from.
Using these two codes, we still need more constellation matrices
to design full-rate trellis codes. The notion of adding constituent
block matrices to the design of an STTC based on phase rotation
of one or more columns of the block is analogous to the conver-
sion of an orthogonal code into a super-orthogonal code. Here,
we convert a quasi-orthogonal code into a super-quasi-orthog-
onal code.

Multiplying the ith column of a quasi-orthogonal code by e/
when 6; is a multiple of 27/ L, preserves all the characteristics
of the code without expanding the constellation. This provides
four additional degrees of freedom. In what follows, we show
that we only need to use two of these four rotations.

We use C(xz1, T2, 1,3, T4, d2,01,02) to represent a quasi-
orthogonal code in which symbols are from an L-PSK con-

stellation; symbols z; and x5 are rotated with rotation ¢, and
symbols 3 and z4 are rotated with rotation ¢o. Also, the first
column is multiplied by ¢/ and the second column is multi-
plied by 7?2 as follows:

6j916j4)1x1 ej926j¢1x2 ej¢2$3 6j4)2x4

—67016_]4)1:5; 67026_]4)1:5*1‘ _e—Jff’zxZ 6—14523;;)

61.91 e]¢'2x3 6.192 63%2:174 e]¢'1x1 67('1)11132

—elbremitagh  elbreitagk  _eTitigh  eitigy
(17)

Equation (17) provides a class of quasi-orthogonal space—time
block codes with four parameters that provide enough constel-
lation matrices to design a full-rate trellis code, when z1, 2,
x3, and 4 belong to an L-PSK constellation. There are many
other choices that provide similar properties although it is im-
portant to make sure that the used rotations do not change the
diversity of the code. For example, instead of rotating the first
column, one may rotate the third column to achieve a similar
code with exactly the same properties. Or as we mentioned be-
fore, the codes in (2), (3), and other examples in [7] all provide
similar properties after incorporating the proposed rotations. It
is easy to show that the above class of codes always provide a
full-rate, full-diversity code for which the symbols can be de-
coded in pairs. Maximum-likelihood decoding for the code in
(17) results in finding the pairs (21, x3) and (22, 24) separately.
The corresponding formulas are provided in the appendix as a
reference.

A. Two-State Codes

We introduce two-state codes for BPSK and QPSK con-
stellations in Fig. 4. It is possible in a two-state code that
a path diverging from state zero remerges to state zero in
P = 2 transitions. To find the minimum CGD of a code, one
should consider all possible paths with P = 2 transitions
and calculate the corresponding CGD. Then, the minimum
CGD among these paths is compared with the minimum CGD
of the parallel paths calculated in Section IV. For the rate
r = 1 bit/s/Hz code in Fig. 4 using BPSK, the minimum CGD
for paths with P = 2 transitions is more than the minimum
CGD for parallel transitions (CGD = 4096). Therefore, the
minimum CGD of the code is 4096. For the rate r = 2 bits/s/Hz
code in Fig. 4 using QPSK, the minimum CGD of the code is
64 which is dominated by parallel transitions.

Note that one has different choices in selecting the rotations;
however, not every possible rotation provides full diversity. For
example, in the code presented in Fig. 4(a), picking §; = 7 for
the first state will result in losing the full diversity. Therefore, it
is important to adopt the rotations that preserve the full diversity
of the resulting trellis code.
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Four-state codes. (a) » = 1 bit/s/Hz using BPSK. (b) r = 2 bits/s/Hz using QPSK.
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Fig. 6. Four-state codes. (a) r = 1 bit/s/Hz for BPSK. (b) r = 2 bits/s/Hz for QPSK.

B. Four-State Codes

We demonstrate four-state codes in Fig. 5. It is impossible
in these codes to diverge from a state and remerge to the same
state after P = 2 transitions. For the BPSK code in Fig. 5, the
minimum CGD for the paths with P = 3 transitions is larger
than the CGD of parallel transitions which is 4096. Therefore,
the minimum CGD of the code is 4096. For the QPSK code
in Fig. 5, the minimum CGD of the code is 64 which is also
dominated by parallel transitions.

We also present two more four-state codes in Fig. 6. The min-
imum CGD of the BPSK and QPSK codes in Fig. 6 is 1792
and 256, respectively. The BPSK code in Fig. 6 is more com-
plex than the BPSK code in Fig. 5, while providing a lower
coding gain. Therefore, there is no use for this code. On the other
hand, the QPSK code in Fig. 6 compared with the QPSK code
in Fig. 5 provides a higher coding gain with a slight increase in
complexity.

Using our new method, one can design codes for four transmit
antennas using any given trellis and at any given rate. Usually,

there are a few degrees of freedom in terms of picking the rota-
tions to maximize the coding gain for the given structure.

VI. NON-FULL-RATE CODES

In this section, we provide a framework that allows a tradeoff
between rate and coding gain. The main idea is to use the struc-
ture of a super-orthogonal space—time trellis code designed for
two transmit antennas [5] to design space—time trellis codes for
four transmit antennas. First, we present the following formula
for calculating the CGD of a quasi-orthogonal code from [10]:

CGDy = [(Aa)? — (AD)*)? (18)
where
4 2
Aa=3 |oi = yif*, Ab=3_ 2Rel(wi = yi)(wa+i = y244)"]
i=1 =1
(19)

In this section, we use CGDy instead of CGD to emphasis the
use of four transmit antennas in the code. We derive a closed-
form formula for CGDy, in terms of CGDs, the coding gain of
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a code for two transmit antennas. For the sake of simplicity, we
explain the details for QPSK although a similar approach works
for any other L-PSK constellation.

A. QPSK Codes With Rate r = 1 bit/s/Hz

First, we design a half-rate code, 1 bit/s/Hz for QPSK, as fol-
lows. Four input bits select symbols z; and x5 from the QPSK
constellation in a similar way that we pick them in a full-rate
code. Then, x3 and x4 are assigned as z3 = x16d(™/4) and
2y = 296I ™/ The following lemma shows how to calculate
the coding gain of this code from that of an Alamouti code.

Lemma6.1: Forxs = xlej(”/4) and x4y = xgej(”/4), similar
relations for corresponding y;, the CGD of a quasi-orthogonal
code CGD, = 4 x (CGD3)?, where CGDs is the CGD of an
Alamouti code using symbols 1 and z5.

Proof: Substituting the symbols in (19) results in

2 2 2
Aa=Y"lai — g+ 1S Pl g =2 Y i —il?
i=1 i=1 i=1
and

—yi)e I (a; - y,;)*}

2
Ab=Y"2Re [(x
i=1

2
Aa
=Y V2zi—yil’ =
=1

5

Therefore, we have CGDy = ((Aa)? — (Ab)Q)2 = (Aa)*/4.
For the case of two transmit antennas in (1), i.e., the Alamouti
code, we have

_ 2 _ 2 0
CGDy=det ({171~ V1122 =02 ))
= (( 0 w1 —y1 [P+ |22 —ya|?
(20

Defining Aas = |71 — y1]® + |22 — y2|? results in CGDy =
(Aaz)? and since Aaz = Aa/2, we have CGDy = (Aa)?/4,
or equivalently

CGDy4 = 4 x (CGDy)2. (21)

O

This provides a remarkable increase in the coding gain by
sacrificing half the rate. Note that since z3 is a function of z;
and z4 is a function of x5, the maximum-likelihood decoding
only needs to provide x1 and x2. Therefore, similar to orthog-
onal space-time block codes, different symbols are decoded
separately and the decoding is very simple. This is unlike the
quasi-orthogonal codes for which the decoding is done in pairs
using (26) and (27).

The map that we have used to define (23, z4) from (z1,22)
is not unique. In fact, one can use different possibilities with
similar properties in order to increase the rate. We consider such
an approach in what follows.

B. QPSK Codes With Rate r = 1.75 bits/s/Hz

Let us assume that for any constellation pair (1, 22 ), we pick
one of the eight possible constellation pairs (z3,z4) from the
following list:

24 = woed /)
24 = 22 37/
T4 = el /D)
24 = 29 77/

24 = moed T/
24 = 326l (/D)
24 = el /D)

T4 = 2o 37/,

=y D),
)
w5 = 207/,
25 = 2yl T/,
=y D),

)

w5 = 2, BT/,

o~~~ o~ o~ o~~~

T3 =316/

Then, there are 16 x 8 = 27 total possible quadruplets if the
constellation is QPSK. Therefore, the rate of the code is 7/4 =
1.75 bits/s/Hz.

To calculate the CGD of this code, we use the following pa-
rameters to summarize different cases

x5 =z, D™ = goelm/Hn

Ty =
(m,n) € {(1,1)(3,3),(5,5), (7,7)
(1,7),(7,1),(3,5), (5,3)}-

Lemma 6.2: 1f (x3,24) and (y3,y4) are chosen from (22),
the CGD of a quasi-orthogonal code CGD, = 4 x (CGD»)?,
where CGDy is the CGD of an Alamouti code using symbols
T and ZTo.

Proof: Different terms that are needed in the calculation
of CGD are derived as

(22)

|z3 —ys|* = |€j(ﬂ/4)m|2|$1 —
g = yal® = [TV P|zg — gof*.
As aresult, Aa = 2(|z
Ab = 2Re[(x1 — ’ljl)(

+ 2Re[(22 — y2) (@2 — y) e /"]
:2003(%771) lz1—y1)? + 2COS(Z7’L) |zo—12|?. (23)

— y1|% + |z2 — yo|?), and similarly

_ 111)*6—3'(#/4)”%]

Since cos((m/4)m) and cos((m/4)n) are equal for the eight pos-
sible cases, we can factor them out resulting in

(Ab)? = (2 (i?>) (Joy — 1] + |2 — y2|2)2

Aa)?
22(|x1—y1|2+|$2—y2|2)2= % (24
Therefore, CGD is calculated as follows:
A
CGD4 = ((Aa)® — (AD) )2 ( Z) x (CGDy)? (25)

which is identical to (21) and is a high increase in the coding
gain. O
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C. Trellis Diagrams

In this section, we design space—time trellis codes that
are not full-rate. Note that using (25), there is a one-to-one
mapping between the CGD of our non-full-rate codes and the
full-rate super-orthogonal space-time trellis codes for two
transmit antennas in [5]. Therefore, we use the optimal set
partitioning and codes from [5] and add the above structure to
design codes for four transmit antennas. Fig. 7 shows two ex-
amples of such codes where with a slight abuse of the notation,
C(x1,9,23,14,01,02) represents a quasi-orthogonal code in
which the first column is multiplied by e/%t and the second
column is multiplied by e’%2. The set partitioning for (1, o)
is the same as the set partitioning in [5] for a space—time block
code using orthogonal designs and two transmit antennas and
is shown in Fig. 8. Symbols x5 and z, are selected as we
discussed in Sections VI-A and VI-B. For the codes with rate
r = 1.75 bits/s/Hz, each trellis transition represents eight dif-
ferent possibilities for (3, 24) from (22). By using four of the
eight cases in (22), one can design a rate 7 = 1.5 bits/s/Hz code
using the same trellis. It can be shown that after multiplying
the ith column by /%, the CGD is still calculated by (25).
Also, for a path with P transitions, the CGD is calculated by
replacing the Aa in (25) with the sum of the corresponding
Aa’s for each transition, i.e., Aa = EP (Aa),. Considering

p=1
a super-orthogonal space—time trellis code for two transmit

S(/)ll
1331

C(xy, 22,3, 24,0,7)
Sy S

’;4I4.7TAO)
S0 S

[
'y
=
)
)
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C(xy, 29, 3, 24,0, )
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C(x1, o, 3, T4, 7,0)
51 5%
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Non-full-rate codes using QPSK; » = 1, 1.5, 1.75 bits/s/Hz. (a) Two-state codes. (b) Four-state codes.
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Set partitioning for QPSK; the numbers at leaves represent the indices of the symbols in the space—time block code for two transmit antennas.

antennas and a path with P transitions CGDy = (Aa)?/4,
where Aa is the same as before, i.e., Aa = Zle(Aa)p.
Therefore, (25) holds for any path with P transitions. Since
the set partitioning is taken from [5], and we have (25) for
the CGD, all optimality results from [5] hold in this case as
well. Since the minimum CGD of the two-state and four-state
super-orthogonal space—time codes for two transmit antennas
is 16 [5], using (25), the minimum CGD of the codes in Fig. 7
is 1024. This is much more than 64, the minimum CGD of
the QPSK code in Fig. 5, although the rate of the QPSK code
in Fig. 5 is 2 bits/s/Hz. Note that in general a higher CGD is
expected for a lower rate code. Therefore, there is a tradeoff
between rate and coding gain using non-full-rate codes versus
full-rate codes.

Given any super-orthogonal space—time trellis code designed
for two transmit antennas in [5], the structure in this section al-
lows us to design space—time trellis codes for four transmit an-
tennas and therefore provides a tradeoff between rate and coding
gain.

VII. SIMULATION RESULTS

In this section, we provide the simulation results of the codes
that we designed in Sections V and VI for four transmit antennas
and one receive antenna. In all simulations, a frame consists of
132 transmissions out of each transmit antenna. We consider



JAFARKHANI AND HASSANPOUR: SUPER-QUASI-ORTHOGONAL SPACE-TIME TRELLIS CODES

225

10 T | A T T ] ) P T |
2-state SQOSTTC (r=2)
2-state non full-rate (r=1.75)
2-state non full-rate (r=1)
2—state SQOSTTC (r=1)
2-state SOSTTC (r=1)
107" 8—state YB (r=1) H
— — outage prob. (r=2) 3
— - outage prob. (r=1.75)
L R RIS U outage prob. (r=1)
B 02 N R TR NN
= 10
©
e}
[]
T
5 [ S ONIONAL N
fin]
v
-3
510 I |
fire
107

Fig. 9. Simulation results for four transmit antennas and one receive antenna.

a quasi-static Rayleigh-fading channel in which the fades are
constant over a frame and change independently for each frame.
Fig. 9 shows the frame error probability results versus SNR for
different codes. The two-state codes in Fig. 4 are denoted by
SQOSTTC (r = 1) and SQOSTTC (r = 2). The set partitioning
in Fig. 1 is used for BPSK (r = 1 bit/s/Hz). For r = 2 bits/s/Hz,
we use QPSK and the corresponding set partitioning in Table I.
We also include the non-full-rate codes in Section VI forr = 1,
1.75 bits/s/Hz. While the CGD of these two codes are the same
and equal to 1024, the non-full-rate 7 = 1 code may not be a
good candidate because a higher CGD is possible using BPSK in
a SOSTTC or SQOSTTC structure. On the other hand, the » =
1.75 code is a very good candidate. Note that in general the CGD
is higher for a lower rate code and there is a tradeoff between
coding gain and the rate of a code. At rate r = 1 bit/s/Hz, we
provide two other codes for comparison. The second code is an
eight-state space—time code from [17]. In addition, we include
outage probabilities from [18] (independently derived in [19]).
The results show that the slope of the curve for SQOSTTCs is
the same as that of the outage probability. This is in agreement
with the fact that SQOSTTCs provide full diversity. Also, using
only two states, the performance of SQOSTTCs is about 3.5-4
dB away from the outage capacity. The gap can be decreased by
using a trellis with more states.

As can be seen from the simulation results, the rate
r = 2 bits/s/Hz full-rate code and the rate » = 1.75 bits/s/Hz
non-full-rate code using four transmit antennas provide all
good properties of SOSTTCs using two transmit antennas.
Therefore, one can think of SQOSTTCs as generalization of
SOSTTCs to more than two transmit antennas. As can be
seen from the figure, our two-state SQOSTTC outperforms
an eight-state code from [17] at high SNRs, while providing

15
SNR (dB)

TABLE 1II
CGD (x CANBEOOR 1)

QPSK || BPSK
Subset CGD CGD
S 16 256

Se 64 4096

Sex 256 4096

Sexa 256 65536
Sexax 1024
Seraxs 1024
Suzaxas 4096
Spzrece | 16384

a lower complexity. It also outperforms a two-state SOSTTC.
Since the gap between SQOSTTCs and outage probabilities is
similar at rates r = 1,2, we expect a similar comparison and the
superiority of SQOSTTCs at » = 2 bits/s/Hz although it is not
shown in the figure due to the lack of access to the simulation
results of other codes.

VIII. CONCLUSION

In this paper, we have presented and analyzed new codes
named super-quasi-orthogonal space—time trellis codes for four
transmit antennas. First, we provided the necessary and suf-
ficient condition for full diversity in quasi-orthogonal codes.
Then, we used these results to present full-diversity, full-rate
super-quasi-orthogonal codes. These codes combine set parti-
tioning and a super set of quasi-orthogonal space—time block
codes in a systematic way to provide full diversity and improved
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coding gain. The result is a powerful code that provides full rate,
full diversity, and high coding gain for different number of states
and at different rates. Then, we introduced non-full-rate codes
that provide higher coding gains compare with full-rate codes.
It is also possible to maintain a tradeoff between coding gain
and rate. Simulation results demonstrate the good performance
of our new super-quasi-orthogonal space—time trellis codes. We
have provided a complete study of CGD analysis and different
code examples. There are few examples of codes for more than
two transmit antennas in the literature. The existing space—time
codes in the literature are usually designed manually or by com-
puter search, while our proposed codes are designed systemati-
cally. Also, simulation results show that our codes provide very
good performance with only two states.

In this paper, we only consider four transmit antennas.
quasi-orthogonal space—time block codes have been designed
for more than four transmit antennas as well [7], [8]. Our
proposed space—time trellis codes are general enough such that
one can design codes for more than four transmit antennas
following similar methods. The details and performance results
can be considered as future work.

APPENDIX

In this Appendix, we provide the decoding formulas for the
quasi-orthogonal space—time block code in (17) and one receive
antenna. Maximum-likelihood decoding for the code in (17) re-
sults in finding the pair (21, 23) that minimizes fi13(z1,23) in
the following equation:

fis(z1, z3)
4

= oy $1)2 xg,e" :
> lanl | (Jr1e?? P + |ase’®?|?)
n=1

— 2Re [z167” (r7a1e?®” + raa3e™” + rjas + ryaf)

+236792 (rf s + roa + rianed® + rya5e™i%)]

+ 4Re [$1$§ej<¢l_¢2)] Re [a1a3e’® + azaje’®].
(26)

where «,, n = 1, 2, 3, 4 is the path gain from the nt* transmit
antenna to the receive antenna and r;, ¢t = 1, 2, 3, 4 is the re-
ceived signal at time ¢. Note that if Re [:vla:gej<¢1_¢2)] =0,
there is no cross term and independent decoding of x1 and x3 is
possible. One such an example is when x; and 3 are real num-
bers, while ¢; = 0 and ¢o = 7 /2. Similarly, maximum-likeli-
hood decoding results in finding the pair (22, ) that minimizes
f24(x2,z4) in the following equation:

f24(1172~,$4)
4

= Z v, | (|$26j¢1|2 + |z4ej¢2|2)

n=1
— 2Re [2267” (1] a2e?® — roafe ™" + 1oy — raaj)
+ 24672 (rFay — o + rhanel?? — 1”40(5{67]91)]
+ 4Re [$2$263<¢1_¢2)] Re [alageja‘ + agaZeﬁz] .

27)

Again, x and x4 can be decoded independently if
Re [zo757(#1792)] = (. In general, the pairs (z1,73) and
(v2,74) are decoded separately. If Re [z1z3e/(?17%2)] =
Re [xgwjej(‘pl*‘f’?)] = 0, all symbols can be decoded
independently and the resulting code is a pseudo-orthogonal
space—time block code [20].
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